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1 Introduction 



Partition functions of chiral rational conformal field theories (RCFT) are modular 
invariant (cf. [48]). However there are examples of "spurious" modular invariants 
which do not correspond to any RCFT (cf. [6], [39] and [15]) . It is therefore an 
interesting question to decide which modular invariants can be realized in RCFT. For 
many interesting modular invariants this question was raised for an example in [38] 
and more recently in [11]. For results on related questions, see [5], [6], [36], [23], [24] 
and [26] for a partial list. 

In this paper we examine the holomorphic modular invariants with central charge 
24 constructed by A. N. Schcllckens in [38]. Besides modular invariancc, A. N. 
Schellekens showed that his modular invariants passed an impressive list of checks 
from tracial identities which strongly suggested that his modular invariants can be 
realized in chiral RCFT. Some of Schellekens's modular invariants were constructed 
using level-rank duality. In [42] we proved a general theorem on mirror extensions 
(cf. Th. 2.25) which inchidcd modular invariants from level-rank duality (cf. §2.6). 
It is therefore an interesting question to see if mirror extensions can provide chiral 
RCFT realization of some of Schellekens's modular invariants. Our main result in 
this paper is to show that three of Schellekens's modular invariants can be realized 
by holomorphic conformal nets (cf. Th. 3.4): these nets are constructed by simple 
current extensions (cf. §2.4) of mirror extensions. Our results strongly suggest that 
there should be Vertex Operator Algebras which realize these modular invariants. We 
expect our methods to apply to other modular invariants in the literature, especially 
when level-rank duality plays a role. 

This paper is organized as follows: after a preliminary section on nets, mirror 
extensions and simple current extensions, we examine three of Schellekens's modular 
invariants in [38], and obtain realization of these invariants as simple current exten- 
sions of three mirror extensions. We end with two conjectures about holomorphic 
conformal nets with central charge 24 which are motivated by [14] and [38], and we 
hope that these conjectures will stimulate further research. 

2 Preliminaries 

2.1 Preliminaries on sectors 

Given an infinite factor M, the sectors of M are given by 

Sect(M) = End(M)/Inn(M), 

namely Sect(M) is the quotient of the semigroup of the endomorphisms of M modulo 
the equivalence relation: p, p' G End(M), p ~ p' iff there is a unitary u & M such 
that p'{x) = up{x)u* for all x G M. 

Sect(M) is a *-semiring (there are an addition, a product and an involution p ^ p) 
equivalent to the Connes correspondences (bimodules) on M up to unitary equiva- 
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lence. If p is an element of End(M) we shall denote by [p] its class in Sect(M). We 
define Hom(p, p') between the objects p, p' e End(M) by 

Hom(p, p') = {a e M : ap{x) = p'{x)a Vx e M}. 

We use (A, p) to denote the dimension of Hom(A, p); it can be oo, but it is finite if A, p 
have finite index. Sec [21] for the definition of index for type Hi case which initiated 
the subject and [32] for the definition of index in general. Also see §2.3 of [27] for 
expositions. (A, p) depends only on [A] and [p]. Moreover wc have if u has finite index, 
then (uXjP) = {X,i?p), {Xv^p) = {X, pu) which follows from Frobenius duality, /i is a 
subsector of A if there is an isometry v E M such that p{x) = v*X{x)v,\/x e M. We 
will also use the following notation: if /x is a subsector of A, we will write as p ~< X or 
Xy p. A sector is said to be irreducible if it has only one subsector. 

2.2 Local nets 

By an interval of the circle we mean an open connected non-empty subset / of 
such that the interior of its complement /' is not empty. We denote by I the family 
of all intervals of S^. 

A net A of von Neumann algebras on is a map 

I el ^ Ail) GB{n) 

from X to von Neumann algebras on a fixed separable Hilbert space 7i that satisfies: 

A. Isotony. If /i C I2 belong to X, then 

A{h)^A{h). 

li E <Z S'^ is any region, we shall put A{E) = M E^iex ■^i^) '^i^^ ■^i^) = C if has 
empty interior (the symbol V denotes the von Neumann algebra generated). 
The net A is called local if it satisfies: 

B. Locality, li I2 E T and lid I2 — then 

[A{h),A{h)] = {0}, 

where brackets denote the commutator. 

The net A is called Mobius covariant if in addition satisfies the following properties 
C,D,E,F: 

C. Mobius covariance. There exists a non-trivial strongly continuous unitary rep- 
resentation U of the Mobius group Mob (isomorphic to PSU{1, 1)) on H such 
that 

U{g)A{I)U{gy = A{gl), g e Mob, I el. 
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D. Positivity of the energy. The generator of the one-parameter rotation subgroup 
of U (conformal Hamiltonian) , denoted by Lq in the following, is positive. 

E. Existence of the vacuum. There exists a unit [/-invariant vector Q ^Ti (vacuum 
vector), and fl is cyclic for the von Neumann algebra \/ j^jA{I). 

By the Rcch-Schlicdcr theorem Q is cyclic and separating for every fixed A{I). The 
modular objects associated with {A{I), fl) have a geometric meaning 

Ai* = C/(A,(27rt)), Ji^Uin) . 

Here A/ is a canonical one-parameter subgroup of Mob and U{ri) is a antiunitary 
acting geometrically on ^ as a reflection rj on S^. 
This implies Haag duality: 

A{iy = A{I'), I el, 
where /' is the interior of 5"^ \ /. 

F. Irreducibility. \j j^-j-A{I) = B{7i). Indeed A is irreducible iff fl is the unique 
[/-invariant vector (up to scalar multiples). Also A is irreducible iff the local von 
Neumann algebras A{I) are factors. In this case they are either C or Illi-factors 
with separable predual in Connes classification of type III factors. 

By a conformal net (or diffeomorphism covariant net) A we shall mean a Mobius 
covariant net such that the following holds: 

G. Conformal covariance. There exists a projective unitary representation U of 
Diff(5'^) on H extending the unitary representation of Mob such that for all 
I el we have 

U{^)A{I)U{^)* = Ai^.I), ^eDiS{S'), 
U{(p)xU{(py = X, xe A{I), (p e Diff(/'), 

where Diff(S'^) denotes the group of smooth, positively oriented diffeomorphism of 

and Diff(/) the subgroup of diffcomorphisms g such that ^p{z) = z for all z £ 
Note that by Haag duahty we have U{(p) e ^(/),V<^ e Diff(/). Hence the following 
definition makes sense: 

Definition 2.1. If A is a conformal net, the Virasoro subnet of A, denoted by Vir_4 
is defined as follows: for each interval I E I, Vir_4(/) is the von Neumann algebra 
generated by U{(p) e A{I),yip G Diff(/). 

A (DHR) representation tt of ^ on a Hilbert space H is a. map / e X i— > tt/ that 
associates to each / a normal representation of A{I) on B{7i) such that 

7rj\A{I)^7ri, Id I, 1,1 Gl. 
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TT is said to be Mobius (resp. diffeomorphism) covariant if there is a projective unitary 
representation [/^ of Mob (resp. Diff(5'^)) on Ti such that 

T:gi{U{g)xU{gy) = U^M^WM* 

for all 7 e J, X e A{I) and g e Mob (resp. g G Difr(5i)). 

By definition the irreducible conformal net is in fact an irreducible representation 
of itself and we will call this representation the vacuum representation. 

Let G be a simply connected compact Lie group. By Th. 3.2 of [13], the vacuum 
positive energy representation of the loop group LG (cf. [33]) at level k gives rise to an 
irreducible conformal net denoted by Aq^- By Th. 3.3 of [13], every irreducible posi- 
tive energy representation of the loop group LG at level k gives rise to an irreducible 
covariant representation of Ag^- 

Given an interval / and a representation tt of A^ there is an endomorphism of A 
localized in I equivalent to tt; namely p is a representation of A on the vacuum Hilbert 
space 7Y, unitarily equivalent to tt, such that pr — id j" A{I'). We now define the 
statistics. Given the endomorphism p of ^ localized in / G X, choose an equivalent 
endomorphism po localized in an interval Iq E I with Jq fl / = and let w be a local 
intcrtwiner in Hom(p, po) , namely u G Hom(pj, p^j) with Iq following clockwise / 

inside / which is an interval containing both / and Iq. 

The statistics operator e{p, p) := u*p{u) = u* pj{u) belongs to Hom(p~, p~). We 
will call e{p, p) the positive or right braiding and e{p,p) := e{p, p)* the negative or 
left braiding. The statistics parameter Xp can be defined in general. In particular, 
assume p to be localized in / and p/ G End((^(/)) to be irreducible with a conditional 
expectation E : A{I) pj{A{I)), then 

Ap E(e) 

depends only on the sector of p. 
are then defined by 

dp = 

The conformal spin-statistics 

where Lo{p) is the conformal Hamiltonian (the generator of the rotation subgroup) in 
the representation p. The right hand side in the above equality is called the univalence 
of p. 

Let {[A], A G £} be a finite set of all equivalence classes of irreducible, covariant, 
finite-index representations of an irreducible local conformal net A. We will denote 
the conjugate of [A] by [A] and identity sector (corresponding to the vacuum repre- 
sentation) by [1] if no confusion arises, and let N^^^ = ([A][p], [u]). Here (p, u) denotes 
the dimension of the space of intertwiners from p, to ly (denoted by Hom(p, u)). We 
will denote by {Tg} a basis of isometrics in Hom(i/, Ap). The univalence of A and 



The statistical dimension dp and the univalence Up 
theorem (cf. [?]) shows that 
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the statistical dimension of (cf. §2 of [19]) will be denoted by uj\ and d{X) (or d\)) 
respectively The following equation is called monodromy equation (cf. [34]): 

e(//,A)e(A,//))Te = ^r, (1) 

where e(/i, A) is the unitary braiding operator. 

We make the following definitions for convenience: 

Definition 2.2. Let A, ji he (not necessarily irreducible) representations of A. H{X, jj) :— 
e{\ li)e{li,\). We say that A is local with n if H{\ii) = 1. 

Definition 2.3. Let T be a set of DHR representations of A. IfT is an abelian group 
with multiplication given by composition and d\ — 1,ijJ\ — 1,VA G F, then V is called 
a local system of automorphisms. 

The following Lemma will be useful to check if a set is a local system of automor- 
phims. 

Lemma 2.4. (1) Assume that [/i] = X]i<i<n[A*i] ^'^^ \lJ'iji — 1? 0,1^^ representa- 
tions of A. Then H{X,fi) = 1 if and only if H{\,fii) = 1 for all 1 <i <n; 

(2) If H{X, /i) = 1 and H{X, v) = 1, then H{X, ^v) = 1 ; 

(3) // Ai, A„ generate a finite abelian group T under composition, ujx^ = 1, 1 < 
i < n, and H{\i, Xj) = 1,1 < i,j < n, then F is a local system of automorphisms. 

Proof (1) and (2) follows from [35] or Lemma 3.8 of [5]. As for (3), we prove by 
induction on n. li n = 1, then £(Ai,Ai) = lux-^ = 1 since £(Ai,Ai) is a scalar, and it 
follows that ujxi = £{Xi, Ai)* = 1, Vi > 1. 

Assume that (3) has been proved forn — 1. Let /i be in the abelian group generated 
by Ai,...,A„_i. Since for any integer k H{ii,X^) = 1 by (2) and assumption, by 
repeatedly applying (2) and monodromy equation, we have ou^x!^ — oUnCUxk = 1 by 
induction hypotheses. It follows that (3) is proved. ■ 

Next we recall some definitions from [25] . Recall that X denotes the set of intervals 

of S^. Let /i,/2 G X. We say that /i,/2 are disjoint if Ji fl /2 = 0, where / is the 
closure of / in S^. When /i,/2 are disjoint, Ji U I2 is called a 1-disconnected interval 
in [43]. Denote by X2 the set of unions of disjoint 2 elements in I. Let A be an 
irreducible Mobius covariant net . For E = IiU I2 G X2, let Is U I4 be the interior of 
the complement of Ii U I2 in where I3, 14 are disjoint intervals. Let 

A{E) := A{h) V Aih), A{E) := {A{h) V A{h)y. 

Note that A{E) C A{E). Recall that a net A is split if A{Ii) V .4(72) is naturally 

isomorphic to the tensor product of von Neumann algebras A{Ii) ® A{l2) for any 
disjoint intervals Li,l2 E 1. A is strongly additive if A{Ii) V ^(^2) — ■^{I) where 
Ii U I2 is obtained by removing an interior point from /. 
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Definition 2.5. [25, 31] A Mobius covariant net A is said to be completely rational 
if A is split, strongly additive, and the index [A{E) : is finite for some E G X2. 

The value of the index [A{E) : A{E)] (it is independent of E by Prop. 5 of [25]) is 
denoted by /i^ and is called the /i-index of A. 

Note that, by results in [31], every irreducible, split, local conformal net with finite 
//-index is automatically strongly additive. Also note that if A is completely rational, 
then A has only finitely many irreducible covariant representations by [25]. 

Definition 2.6. A Mobius net A is called holomorphic if A is completely rational 
and /i^ — 1, i.e., A has only one irreducible representation which is the vacuum 
representation. 

Let B be a Mobius (resp. conformal) net. B is called a Mobius (resp. conformal) 
extension of A if there is a map 

I el^ A{I) C B{I) 

that associates to each interval / e X a von Neumann subalgebra A{I) of B{I), which 
is isotonic 

^(/l)C^(/2),/lC/2, 

and Mobius (resp. diffeomorphism) covariant with respect to the representation U, 
namely 

U{g)A{I)U{gr = A{g.I) 

for all g e Mob (resp. g e Diff(5'^)) and I E 2. A will be called a Mobius (resp. 
conformal) subnet of B. Note that by Lemma 13 of [29] for each I & I there exists 
a conditional expectation Ei : B{I) A{I) such that E preserves the vector state 
given by the vacuum of B. 

Definition 2.7. Let A be a Mobius covariant net. A Mobius covariant net B on a 
Hilbert space Ti is an extension of A if there is a DHR representation n of A on Ti. such 
that 7i{A) d B is a Mobius subnet. The extension is irreducible if ti{A{I))' \~\B{I) = C 
for some (and hence all) interval I, and is of finite index if Tr{A{I)) C B{I) has 
finite index for some (and hence all) interval I. The index will be called the index 
of the inclusion /t(^) C B and will be denoted by [B : A]. If n as representation 
of A decomposes as [vr] = X1a^^[^] where m\ are non-negative integers and A are 
irreducible DHR representations of A, we say that [tt] = mx [A] is the spectrum of 
the extension. For simplicity we will write 'K^A) C B simply as A<zB. 

Lemma 2.8. // A is completely rational, and a Mobius covariant net B is an ir- 
reducible extension of A. Then A <Z B has finite index , B is completely rational 
and 

f^A = A*s[B : A]'^. 

Proof A C B has finite index follows from Prop. 2.3 of [23], and the rest follows 
fi-om Prop. 24 of [25]. ■ 
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Lemma 2.9. If A is a conformal net, and a Mohius covariant net B is an extension 
of A with index [B : A] < oo. Then B is a conformal net. 



Proof Denote by tt the vacuum representation of B. Denote by G the universal cover 
of Mob. By definition g & G ^ UT^{g) is a representation of G which implements the 
Mobius covariance of vr |~^. On the other hand by §2 of [2] there is a representation 
of g E G Kris') which implements the Mobius covariance of tt [ and VT,{g) G 
\/7gi7r(Vir_4(/)), where Vir_4 is defined in definition 2.1. Since by assumption tt \ A 
has finite index, by Prop. 2.2 of [19] we have ?7,r(fl') = K-ls'), G G. Hence Vir^ C B 
verifies the condition in definition 3.1 of [9], and by Prop. 3.7 of [9] the lemma is 
proved. ■ 

The following is Th. 4.9 of [30] (cf. §2.4 of [23]) which is also used in §4.2 of [23]: 

Proposition 2.10. Let A be a Mobius covariant net, p a DHR representation of A 
localized on a fixed Iq with finite statistics, which contains id with multiplicity one, 
i.e., there is (unique up to a phase) isometry w G Hom(id, p). Then there is a Mobius 

covariant net B which is an irreducible extension of A if and only if there is an 
isometry Wi G Hom(p, p^) which solves the following equations: 

wlw = wIp(w) G R+ (2) 
wiwi = p{wi)wi (3) 
e{p, p)wi = wi (4) 

Remark 2.11. Let A G B be as in Prop. 2. 10. If U is an unitary on the vacuum 
representation space of A such that Ad;7v4.(/) = ^(/), V/, then it is easy to check that 
(Ad[/pAd^, Ad[/(tyi), Ad[/(w)) verifies the equations in Prop. 2.10, and determines a 
Mobius covariant net Ad^(i5). The spectrum of A C Ad;7(;B) (cf. definition 2.7) is 
Ad[/pAd^ which may be different from p, but Adu{B) is isomorphic to B by definition. 



2.3 Induction 

Let B he a Mobius covariant net and A a subnet. We assume that A is strongly 
additive and A G B has finite index. Fix an interval Iq E I and canonical endo- 
morphism (cf. [30]) 7 associated with .4(/o) C B{Iq). Then we can choose for each 
I dl with I D Iq a. canonical endomorphism 7/ of B{I) into A{I) in such a way that 
7/ \ B{Iq) — 7/(, and pi^ is the identity on A{Ii) if h G Iq is disjoint from Iq, where 
Pi = 7/ \ A{I). Given a DHR endomorphism A of .4. localized in Iq, the inductions 
ax, of A are the endomorphisms of B{Iq) given by 

ax = 7~^ • Ad£(A, p) • A • 7 , = 7"^ • Ad£(A, p) • A • 7 

where e (resp. e) denotes the right braiding (resp. left braiding) (cf. Cor. 3.2 of [3]). 
In [46] a slightly different endomorphism was introduced and the relation between the 
two was given in §2.1 of [44]. 
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Note that Hom(aA, a^) ='■ {x G B{Io)\xax{y) = af^{y)x, \/y e I3{Iq)} and Hom(A, /i) —: 
{x e AiIo)\x\{y) = iiiy)x,yy e ^(/o)}- 

The following is Lemma 3.6 of [5] and Lemma 3.5 of [3]: 

Lemma 2.12. 

Hom(a;„a;) = {T e B(IoMT) e Rom(pX, pii)\s(i^, p)e(p, i^)^(T) = 7(r)}. 

As a consequence of Lemma 2.12 we have the following Prop. 3.23 of [3] ( Also cf. 
the proof of Lemma 3.2 of [46]): 

Lemma 2.13. [a J = [a^] iff e{\, p)e{p, \) = 1 . 

The following follows from Lemma 3.4 and Th. 3.3 of [46] (also cf. [3]) : 

Lemma 2.14. (1): [A] [ckx], [A] [a^] are ring homomorphisms; 
(2) {ax, a,,) = {Xp,p). 

2.4 Local simple current extensions 

Proposition 2.15. (1) Assume that B is a Mohius extension of A of finite index with 
spectrum [tt] = X^Aeexp "^a[A]. Let T := {A|A G exp}. Assume that dx = 1,VA G exp. 
Then F is a local system of automorphisms; 

(2) If r is a finite local system of automorphisms of A, then there is a Mohius 
extension B of A with spectrum [tt] = X^Aer ['hi- 
proof Ad (1): By assumption we have a^^ 1, VA G P. By Lemma 3.10 of [5] lox — 1. 
Since dx — da^ — 1, it follows that [ax] — [a^] — [1]. Note that if A G P iff [ax] — [1] 
and it follows that P is an abelian group with multiplication given by composition. 
By Lemma 2.13 and Lemma 2.4 (1) is proved. 

(2) It follows from Prop. 5.5 of [35] (also, cf Th. 5.2 of [12]) that there is a Mobius 
extension B of ^ with spectrum [tt] = J2x& IM ■ * 

Remcirk 2.16. (1) We will use the notation B — A \>< T for the extension in Prop. 
2.15. 

(2) One can extend the above theorem to a case when B is not local hut verifies 
twisted locality. Such extensions have been used for example in [26]. 

2.5 Mirror extensions 

In this section we recall the mirror construction as given in §3 of [42]. Let S be a 
completely rational net and ^ C B be a subnet which is also completely rational. 

Definition 2.17. Define a subnet A^B by A{I) := A{iy n B{I),yi G I. 

_ We note that since A is completely rational, it is strongly additive and so we have 
A{I) = (Vjex^(J))' n B{I),\/I G I. The following lemma then follows directly from 
the definition: 
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Lemma 2.18. The restriction of A on the Hilbert space \/iA{I)^ is an irreducible 
Mobius covariant net. 

The net A as in Lemma 2.18 will be called the coset oi Ac B. See [45] for a class 
of cosets from Loop groups. 

The following definition generalizes the definition in §3 of [45]: 

Definition 2.19. A C B is called cofinite if the inclusion A{I) V A{I) C B{I) has 

finite index for some interval I. 

The following is Prop. 3.4 of [42]: 

Proposition 2.20. Let B be completely rational, and let A (Z B be a Mobius subnet 
which is also completely rational. Then A (Z B is cofinite if and only if A is completely 
rational. 

Let B be completely rational, and let ^ C B be a Mobius subnet which is also 
completely rational. Assume that A (Z Bis cofinite. We will use cTj, cTj, ... (resp. A, /x...) 
to label irreducible DHR representations of B (resp. A) localized on a fixed interval 
Iq. Since A is completely rational by Prop. 2.20, A® A is completely rational, and so 
every irreducible DHR representation cTj of B, when restricting to A<^A, decomposes 
as direct sum of representations oi A<SiAoi the form (i. A) A by Lemma 27 of [25]. 
Here (i. A) is a DHR representation of A which may not be irreducible and we use 
the tensor notation (i, A) ® A to represent a DHR representation oi A<S) A which is 
localized on Iq and defined by 

(i. A) (g) X{xi<^X2) = (^, A)(xi) (g) A(x2),Vxi (8)X2 e A{Io) <^ A{Io) ■ 

We will also identify A and A as subnets oi A® A in the natural way. We note that 
when no confusion arise, we will use 1 to denote the vacuum representation of a net. 

Definition 2.21. A Mobius subnet A C B is normal if A{iy H B{I) = A for some I. 

The following is implied by Lemma 3.4 of [36] (also cf. Page 797 of [47]): 

Lemma 2.22. Let B be completely rational, and let A G B be a Mobius subnet 
which is also completely rational. Assume that A (Z B is cofinite. Then the following 

conditions are equivalent: 

(1) A (Z B is normal; 

(2) (1, 1) is the vacuum representation of A and (1, A) contains (1, 1) if and only 
ifX^l. 

The following is part of Proposition 3.7 of [42]: 

Proposition 2.23. Let B be completely rational, and let A G B be a Mobius subnet 
which is also completely rational. Assume that A G B is cofinite and normal. Then: 
(1) Let 7 be the restriction of the vacuum representation of B to A® A. Then 
[l] — X^AeexpfC-*-' ^ ® ^ where each (1, A) is irreducible; 
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(2) Let A G cxp he as in (1), then [«(i,A)(gii] = [q^i^a]; ^'^^ ~^ [(^i^x] is a ring 
isomorphism where the a-induction is with respect to A® A G B as in subsection 2.3; 
Moreover the set cxp is closed under fusion; 

(3) Let[p] = EAeexp"iA[A] where mx^mx > 0,VA, and[{l,p)] = EAeexp "^a[(1, A)]. 
Then there exists an unitary element Tp e Hom(Q;(i^p)(g,i, Q;i(g,p) such that 

e((l,p), (l,P))^p«i®p(^p) = T*ai^p{T*)e{p,p)] 

(4) Let p, (l,p) he as in (3). Then 

Hom(p",p™) = Hom(Q;ic3pn, Q;ig,pm), 
Hom((l,p)'', (l,p)'") = Hom(Q;(i,p)r.^i,a(i_p)™^i),Vn,m G N; 

Denote by Aq := {A|[A] = X]j[Ai];Aj G exp}. Assume Hi G Ao,i = l,...,n. For 
each [pi\ = choose DHR representations M{pi) of A such that [M(/ij)] = 

mij[(l, Aj)]. Let Tj G Hom(a^(^.)0i, aiig,^.) be an unitary element (not necessarily 
unique up to phase when p^ is not irreducible) as given is (3) of Prop. 2.23. Define 



-i®l(^ifc)---'^/ii-M20l(^i3)<^Mii8il(^j2)^n ^ Hom(Q;M(;;ii)...M(/ifc)(8il, Q;i(8i/ii...|Ufc) 



For each 5" G Y{.om{pi^...pi^, pj^...pj^) we define M{S) := T*^_j^STi^_i^. 

Lemma 2.24. Assume that Si,T G Hom(A, /i), 5*2 G Hom(z/, A) where X, p are prod- 
ucts of elements from {pi, Pn}. Ifv = pi^...pi^ we denote M{pi^)...M{pi^) hyMi^u). 
Then: 

M{S,S2) = M{Si)M{S2),M{u{T)) = M{u){M{T)), M{e{pi, pj)) = e{M{pi), M{pj)). 

Proof The first two identities follow directly from definitions. The third follows 
from (3) of Prop. 2.3.1 of [44], as (3) of Prop. 2.23. ■ 

The following is Th. 3.8 of [42]: 

Theorem 2.25. Let B he completely rational, and let A d B he a Mohius suhnet 
which is also completely rational. Assume that A G B is cofinite and normal, and let 
exp be as in (1) of Prop. 2. 23. Assume that A G C is an irreducible Mobius extension 
of A with spectrum [p] = ^AGexp [A] , mA > 0. Then there is an irreducible Mobius 

extensionC of A with spectrum [(l,p)] = I^Aeexp ^a[(1, A)]. MoreoverC is completely 
rational. 

Remark 2.26. Due to (5) of Prop. 3.1 of [42], the extension A G C as given in Th. 
3.4 will be called the mirror or the conjugate of A gC. 

By Lemma 2.8 and Th. 2.25 we have: 

Corolleiry 2.27. LetC be the mirror extension as given in Th. 2.25. Then ^ = 

11 



The mirror extension ^ C C is constructed as follows: let {p,w,Wi) be associated 
with extension ^ C C as given in Prop. 2.10. Then the extension ^ C C is given by 
(M(p), M{w), M{wi)) where the map M is defined before Lemma 2.24. Let A*, G Aq. 
Consider now inductions with respect to ^ C C and A G C. 

Proposition 2.28. Assume that e Aq, M{p) = (l,p),M(/x) = {1, p), M{u) = 
(1,1/). Then 

{oiix.Oiv) = (aM(M)) «M(i/)), {0in,a~) = {0iM{ii),0i1i(^i,))- 

Proof By Lemma 2.14 we have 

)) = (M(p)M(/.),MH), 
By Prop. 2.23 we have proved the first equahty. By Lemma 2.12 we have 

Hom(a^,«;) = {T e C(/o)|7(T) G Hom(p/i, pz/), e(z/, z/)7(T) = 7(T)}. 

By [30], 7(C(/o)) = {x E A{Io)\x = wlp{x)wi}. It follows that {a^,a~) is equal to 
the dimension of the following vector space 

{T' e A{Io) \T' e Hom(p//, pv), e(u, p)e(p, v)T' = T', T' = wlp{T')wi}. 

Now apply the map M to the above vector space and use Lemma 2.24 we have that 
(q;+, a") is equal to the dimension of the following vector space 

{T' e A{h)\T' e Yiom{M{p)M{p),M{p)M{v)),e{M{v),M{p))e{M{p),M{y))T' = T', 

T' = M{wi)*M{p){T')M{wi)}. 

Since e{M{v),M{p))e{M{p),M{v)) = {e{M{u), M{p))e{M{p), M{u)))* , we con- 
clude that (a^, a~) is equal to the dimension of the following vector space 

{T' e A(X)\T' e Rom{M{p)M{p),M{p)M{u)),e{M{i^),Mip))eiMip),Miu))T' = T' , 

T' = M{wiyM{p){T')M{wi)} 

which is equal to (q;m(^), (^m{u)) Lemma 2.12. ■ 
2.6 A series of normal extensions 

Let G — SU{n). We denote LG the group of smooth maps / : 5"^ i— > G under 
pointwise multiplication. The diffeomorphism group of the circle Diff5'^ is naturally 

a subgroup of Aut(LG') with the action given by reparamctrization. In particular the 
group of rotations RotS^ ~ ^(1) ^-cts on LG. We will be interested in the projective 
unitary representation tt : LG U{H) that are both irreducible and have positive 
energy. This means that tt should extend to LG K Rot 5"^ so that H — Q)n>oH{n), 
where the H{ri) are the eigenspace for the action of Rot-S"^, i.e., re^ — exp(m^) for 
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9 G H{n) and dim H(n) < oo with i/(0) ^ 0. It follows from [33] that for fixed 
level k which is a positive integer, there are only finite number of such irreducible 
representations indexed by the finite set 

P^+ = |AeP|A= Y Mi,A, >0, >^i^^\ 

^ i=l,---,n— 1 i=l,-,n— 1 

where P is the weight lattice of SU (n) and Aj are the fundamental weights. We will 
write A = (Ai, A^-i), Xq — k — ^i<i<n-i refer to Aq, A„_i as components 

of A. 

We will use /cAq or simply 1 to denote the trivial representation of SU{n). 
For X,fi,ue Pl^, define N^^ = E^ePt^ -^f "^i'^-^f 74') where is given by 
the Kac-Peterson formula: 



S''^^ — c £yjexp(iw(5) ■ X2'K/n) 



Sjf^ is an orthonormal system. It is shown in [22] P. 288 that are non-negative 



AS) _ ^ 

wes„ 

where £^ = det(u') and c is a normalization constant fixed by the requirement that 



integers. Moreover, define Gr{Ck) to be the ring whose basis are elements of P^^ with 
structure constants N^^. The natural involution * on P^_,_ is defined by A h- >■ A* = the 
conjugate of A as representation of SU{n). 

We shall also denote S^J^^ by S^i^\ Define dx = -ik^- We shall call {S\^'') the 

^'-matrix of LSU (n) at level k. 

We shall encounter the Z„ group of automorphisms of this set of weights, generated 

by 

J : A = (Ai, A2, • • • , An-i) — >■ J (A) = (A; — 1 — Ai — • • • A„_i, Ai, • • • , An-2)- 

We will identity J with kKi in the following. Define col(A) = Si(Ai — The central 
element exp^ of SU{n) acts on representation of SU{n) labeled by A as exp(^^^^^^). 
modulo n col(A) will be called the color of A. 

The irreducible positive energy representations of LSU{n) at level k give rise to an 
irreducible conformal net Asu{n)k (cf- [27]) and its covariant representations. Asu{n)k 
is completely rational (cf. [41] and [43]), and HAsui^)^ ^ ji^ by [43]. We will use 
A = (Ai, ...A„_i) to denote irreducible representations of A and also the corresponding 
endomorphism of M = A{I). 

All the sectors [A] with A irreducible generate the fusion ring of A. 

For A irreducible, the univalence lj\ is given by an explicit formula (cf. 9.4 of 
[PS]). Let us first define hx = where C2(A) is the value of Casimir operator 
on representation of SU{n) labeled by dominant weight A. hx is usually called the 
conformal dimension. Then we have: ujx — exp{27rihx)- The conformal dimension of 
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A = (Ai, A„_i) is given by 



(5) 

Let G G H he inclusions of compact simple Lie groups. LG C LH is called a 
conformal inclusion if the level 1 projective positive energy representations of LH 
decompose as a finite number of irreducible projective representations of LG. LG C 
LH is called a maximal conformal inclusion if there is no proper subgroup G' of H 
containing G such that LG C LG' is also a conformal inclusion. A list of maximal 
conformal inclusions can be found in [18]. 

Let H^ be the vacuum representation of LH, i.e., the representation of LH asso- 
ciated with the trivial representation of H. Then decomposes as a direct sum of 
irreducible projective representation of LG at level K. K is called the Dynkin index 
of the conformal inclusion. 

We shall write the conformal inclusion as Gk C Hi. Note that it follows from the 
definition that Ahi is an extension of Agk- We will be interested in the following 
conformal inclusion: 

L{SU{m)n X SU{n)m) C L SU{nm) 

In the classification of conformal inclusions in [GNO] , the above conformal inclusion 
corresponds to the Grassmanian SU{m + n)/ SU{n) x SU{m) x U{1). 

Let Aq be the vacuum representation of LSU{nm) on Hilbert space H^. The 
decomposition of Aq under L{SU(jii) x SU{n)) is known, see, e.g. [1]. To describe 
such a decomposition, let us prepare some notation. We use S to denote the S*- 
matrices of SU{m), and -S" to denote the -S'-matrices of SU{n). The level n (resp. m) 
weight of LSU{m) (resp. LSU{n)) will be denoted by A (resp. A). 

We start by describing (resp. P^), i.e. the highest weights of level n of 
LSU{m) (resp. level m of LSU{n)). 
is the set of weights 

A = /cqAo + kiAi H h km-iAm-i 

where ki are non-negative integers such that 

m— 1 

^ki = n 

and Ai = Ao + uji, 1 < i < m — 1, where cjj are the fundamental weights of SU{m). 
Instead of A it will be more convenient to use 

m— 1 

A p = ^ kiAi 

i=0 



14 



m 



with ki — ki + 1 and —1^ = 0^ — m + n. Due to the cychc symmetry of the 

i 

extended Dynkin diagram of SU (m) , the group acts on by 

~^ ^(i+A)modm' i^^'^m- 

Let ^m,n — P+I'^m- Then there is a natural bijection between Jl^.n ^-nd iln,m (see 
§2 of [1]). The idea is to draw a circle and divide it into m + n arcs of equal length. 
To each partition X]o<i<m-i ki = m + n there corresponds a "slicing of the pie" into 
m successive parts with angles 2'Kki/{m + n), drawn with solid lines. We choose this 
slicing to be clockwise. The complementary slicing in broken lines (The lines which 
are not solid) defines a partition of m+n into n successive parts, X]o<j<n-i h — 'iTT^+n. 
We choose the later slicing to be counterclockwise, and it is easy to see that such a 
slicing corresponds uniquely to an element of fln,m- 
We parameterize the bijection by a map 



P:P^^P^ 

as follows. Set 

m 

Ti = ki, 1 < j < m 



J 

1=3 



where k^, = ^o- The sequence (ri, . . . , r^,) is decreasing, m + n = ri>r2>---> 
'"m > 1- Take the complementary sequence (fi, f2, . . . , f„) in {1, 2, . . . , m + n} with 
fi > f2 > • • • > f„. Put 

Sj = m + n + fn- Tn-j+i, I <j <n. 

Then m + n — Si > S2 > ■ ■ ■ > Sn > 1- The map /3 is defined by 

(n, • • • ^ (si, . . . 

The following lemma summarizes what we will use: 

Lemma 2.29. (1) Let Q be the root lattice of SU{m), Aj, Q < i < m — 1 its 
fundamental weights and Qi = {Q + Aj) fl P". Let A e Zj„„ denote a level 1 highest 
weight of SU{mn) and A e QAmodm- Then there exists a unique A G with A = 

[J.P{\) for some unique /x G Z„ such that ® Hj^ appears once and only once in 
H^. The map A — s> A = ^I3{X) is one-to-one. Moreover, H^, as representations of 
L{SU{m) X SU{n)), is a direct sum of all such Hj^ ® Hj^; 

(3) The subnets Asu{n)m ^5f/(nm)i normal and cofinite. the set exp as in 
(1) Prop. 2.23 is the elements of P^X^ which belong to the root lattice of SU{n). 

Proof (1) is Th. 1 of [1]. (2) follows from Th. 4.1 of [43]. (3) is Lemma 4.1 of [42]. 
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3 Schellekens's modular invariants and their real- 
izations by conformal nets 

In this section we examine three modular invariants constructed by A. N. Schelleken 
in [38] which are based on level-rank duahty. These are entries 18, 27, and 40 in 
the table of [38]. Our goal in this section is to show that they can be realized by 
conformal nets as an application of mirror extensions in section 2.5. For simplicity in 
this section wc will use Gk to denote the corresponding conformal net Aq^ when no 
confusion arises. 

3.1 Three mirror extensions 

3.1.1 su{m)2 

SU{10)2 is the simplest nontrivial example of mirror extensions applying to SU{2)iq C 
Spin{5)i and SU{2)io x SU{10)2 C SU{20)i in Theorem 2.25. By Cor. 2.27 and 
Lemma 2.29 

Consider the induction for SU{10)2 C SU{10)2. By Th. 5.7 of [7] the matrix Zx^ = 
{a\,a~) commutes with the S,T matrix of SU{10)2- Such matrices are classified in 

[16], and it follows that there are 15 irreducible representations of SU{10)2 given 
as follows: ctj, < i < 9, ctjcr, < j < 4. The fusion rules are determined by the 
following relations: 

[a] - [«>], [a'ja] - [a], [aa] = [1] + [a'j] 
The restrictions of these representations to SU {10)2 are given as follows: 

[a'j \] = [J'(2Ao)] + [J*(A3+A7)],0 < t < 9; [a^ja] = [J*(Ao+A3)] + [J'(A5+A8)], < j < 4. 
It follows that modulo integers the conformal dimensions arc given as 

, i(10 - ^ / . / ^ , 77 , 25 , 157 , 173 , 

a J -j^g T — — T a gg) aja ^g) a^cr gg ) a^a gg aj(T 

Remcirk 3.1. The modular tensor category (cf. [4O]) from representations of SU{10)2 
as given above seems to be unknown before. It will be interesting to understand our 
construction from a categorical point of view. 

The following simple lemma will be used later: 

Lemma 3.2. Aspin{n)i is a completely rational net whose irreducible representations 
are in one to one correspondence with irreducible representations of CSpin{n)i. When 
n is odd there are three irreducible representations l,/i.o,/ii with index 1, 1, \/2 respec- 
tively and fusion rules [nf] = [1] + [hq]; when n — Ak + 2, k & N the fusion rule is Z4; 
when n — Ak, k & N the fusion rule is Z2 x Z2. 
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Proof By Th. 3.10 of [8] it is enough to prove that ^Ac^pin(n)j^ — ^■ 

When n = 5 this follows from conformal inclusion SU (2)io C Spin{5)i and Lemma 
2.8. Consider the inclusion SO{n) x U{1) C SO{n + 2). Note that the fundamental 
group of SO{n) is Z2. It follows that loops with even winding numbers in LU{1) can 
be lifted to LSpin{n), and we have a conformal inclusion LSpin{n — 2)i x LC/(1)4 C 
LSpin{n)i. Since P'Au(i)^ = 4 by §3 of [44], and the index of Aspin{n-2)i x '^!7(i)4 C 
Aspin{n)i is checked to be 2, by induction one can easily prove the lemma for all odd 
n. When n is even we use the conformal inclusion Asu{n/2)i x Au{i)2n ^ Aspin{n)i with 
index n/2. Note that I^Asu(u/2)i ~ ^/^^ A*^(/(i)2 ~ by §3 of [44], and by Lemma 2.8 
we have u j„ . , , — A. ■ 



3.1.2 SU{9)s 

SU{9)3 is an extension of SU{9)3 by applying Th. 2.25 to SU{3)g C {Eq)i and 
SU{3)q X SU{9)3 C ,SC/(27)i. By Cor. 2.27 and Lemma 2.29 fJ^g^^ = 9. Recall the 
branching rules for SU{3)g C {Eg)i (We use Iq to denote the vacuum representation 
of {Eq)i and 1+, 1- the other two irreducible representations of {Eq)i): 

[lo \]= ([^X9Ao)] + [j^(Ao+4Ai+4A2)], [1+ [] = [1_ [] ^ ([j*(5Ao+2Ai+2A2)] 

0<i<2 0<j<2 

where J := 9Ai. 

Consider inductions with respect to 

SU(f)s C S[/(9)3. 

By Th. 2.25 and Lemma 2.29 the vacuum of SU{9)s restricts to representation 

5^([j3X9Ao)] + [J^^(A3 + A7 + A8)] 

0<i<2 

of SU (9)3. Since J is local with the above representation, by Lemma 2.13 aj is a DHR 

representation of SU(9)3, and [aj] = [1]. One can determine the remaining irreducible 

representations of SU{9):i by using [16] as in §3.1.1. Here we give a different approach 
which will be useful in §3.1.3. We note that M( j) = J^, M( j*(5Ao + 2Ai + 2A2)) = 
J^'(A4 + Ae + Ag), i = 0, 1, 2 by Lemma 2.29, where M is defined as before Lemma 
2.24. By Prop. 2.28 we have 

("A4+A6+A8) o;A4+Ag+Ag) = 2. 

It follows that there are two irreducible DHR representations Ti, T2 of SU (9)3 such that 
Q;a4+A6+A8 ['''1] + ["^2], and ti, T2 are the only two irreducible subsectors of ctA^+Ag+Ag 
which are DHR representations. We have for i — 1,2 {Ti,a~) < (ci;a4+A6+A8) 



17 



Note that if the color of fi is nonzero, then (aA4+A6+Ag, ci^) = by Lemma 2.14 since 
A4 + Ag + Ag has color 0. If has color 0, by Lemma 2.29 and Prop. 2.28 we have 

(q;a4+A6+A8' o^m) 

is nonzero only when = J^*(A4 + Ag + Ag), i = 0, 1, 2. It follows that 

in, oin) = 1 

when n = J^^A^ + Ag + Ag), i = 0, 1, 2, and 

in, oifj,) = 

when fjL ^ J^*(A4 + Ag + Ag), i = 0, 1, 2, Hence the restriction of to SU (9)3 are given 
as follows: 

hr]= E [^''■(A4 + A6 + A8)] 
0<j<2 

It follows that the index of Tj, i = 1, 2 is one, and since 

[(«jr.)N= E [^''■+'(A4 + A6 + A8)], 

0<j<2 

it follows that [ctjTj] 7^ [rj]. Hence the irreducible representations of S'[/(9)3 are given 
by 

1, aj, Q?j, a'jTk, < z < 2, /c = 1, 2. 

These representations generate an abelian group of order 9, it must be either Z3 x Z3 
or Zg. Note that by Lemma 2.14 

(«j,Tf) < ai+Ae+As) = 0,VA; > 

since J has color 3 while A4 + Ag + Ag has color 0, it follows that these representations 
generate an abelian group Z3 x Z3. Modulo integers the conformal dimensions of Tjt, aj 
are given by 

4 7 7 11 14 

^oij = h-Tf, = — , h^2^ = — , hajT^ = — , h(y2^^ = ^ ~ 1' ^■ 

3.1.3 SUi8)4 

Prom conformal inclusion Spin{6)s C S'j9m(20)i and Spin{Q) ^ S'f/(4) we obtain con- 
formal inclusion SU{4)s C Spin{20)i. For simplicity we use (0), (5/4)i, (5/4)2, (1/2) to 
denote irreducible representations 015*^^71(20)1 with conformal dimensions 0, 5/4, 5/4, 1/2 
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respectively. By comparing conformal dimensions the branching rules for SU{4:)s C 
Spin{20)i are given by: 

[(0) n = E ([-^i + [-^'(^Ao + Ai + 2A2 + A3)]), 

0<i<3 

[(5/4)1 \] = [(5/4)2 n = E [^'(3Ao + Ai + 2A2 + 3A3)], 

0<i<3 

[(1/2) \]= Yl (ij'i^^o + 2A2)] + [j^(3Ao + 3A2 + 2A3)]). 

0<i<3 

Note that all representations appearing above have color 0. 

SU{8)4 is the extension of SU{8)^ by applying Th. 2.25 to SU{A)8 C Spm{20)i 

and SU{A)s x SU{8)4 C SU{32)i. By Lemma 2.29 the spectrum of SU{8)4 C SUi^4 
is given by 

E {[J''] + [j2^(Ao + A4 + 2A5 + Ay)]). 

0<i<3 

By Lemma 3.2 and Lemma 2.8 u^^t^t^ — 8. 

L>U (0J4 

By using Prop. 2.28 similar as in §3.1.2 we obtain all irreducible representations 
of SU (8)4 as follows: 

1, aj, (3/4)1, (3/4)2, (1/2), aj(3/4)i, aj(3/4)2, aj(l/2). 

These representations restrict to 5'C/(8)4 as follows: 

[o^j\]= E (t-^''^'] + [-^''(^o + + + Ar)]), 

0<i<3 

[(aS(3/4),) r] = E [-^''(^o + ^3 + 2A6 + A7)]), j = 0, 1, = 1, 2; 

0<i<3 

[(aS(l/2)) f ] = E ([^'^^'■(2Ao + A3 + A5)] + [J^^+^-(2A5 + 2A7)]), j = 0, 1. 

0<i<3 

The conformal dimensions modulo integers are as follows: 

haj = 7/4, ^{3/4)fc = 3/4, A; = 1, 2, /l(i/2) = 1/2, /laj(3/4)i = ^aj(3/4)2 = 5/2, /laj(l/2) = 9/4, 

which explain our notations. The irreducible representations of SU{8)4, generate an 
abelian group of order 8 under compositions, so the abelian group is Z2 x Z2 x Z2, Z2 x 
Z4 or Zg. By Lemma 2.14 (aj, (3/4)^^) = (aj, (1/2)-') = 0, = l,2,Vi > since the 
restriction of aj to SU{8)i has color 4 while the restriction of (3/4)^, (1/2) to S'C/(8)4 
has color 0, it follows that Zg is impossible. Note that the conjugate of (1/2) has 
conformal dimension 1/2, and it must be (1/2), so [(1/2)^] = [1]. To rule out the 
possibility of Z2 x Z4, note that this can only happen when the order of (3/4) 1 is 4, 
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and we must have [(1/2)] — [(3/4)^], [(3/4)2] — [(3/4)f]. By monodromy equation we 
have 

.((3/4)1, (3/4)0^ = l,^((3/4)i, (l/2)).((l/2), (3/4)0 = -1. 
On the other hand by Lemma 4.4 of [35] we have 

£((3/4)i, (l/2))£((l/2), (3/4)0 = £((3/4)i, (3/4)?))£((3/4)?, (3/4)0 = £((3/4)i, (3/4)0^ = 1, 

a contradiction. It follows that irreducible representations of SU (8)4 generate Z2 x 
Z2 X Z2 under compositions, and we have 

P74V] = [(3/4)i],[(l/2)(3/4)i] = [(3/4)2]. 

3.2 Further extensions by simple currents 
3.2.1 No. 40 of [38] 

The modular invariant No. 40 in [38] suggests that we look for simple current exten- 
sions of SU (9)2 X SU (5)1 X 5*0(7)1. For simphcity we use = Aj, < i < 9 to denote 
the irreducible representation of SU{5)i. Note that hy2 — 3/5. We use (1/2), (7/16) to 
denote the irreducible representations of 5*0(7)1 with conformal dimensions 1/2, 7/16. 
Note that the index of (1/2), (7/16) are 1,2 respectively. By §3.1.1 the conformal di- 
mension oi u = {aj,y'^, (1/2)) is haj + hy + 1/2 = 2. It follows that m*,0 < i < 9 
is a local system of automorphisms. By Prop. 2.15 there is a Mobius extension 

V = (5^7(9)2 X 5[/(5)i X 50(7)0 ^ ^lo of SU{9)2 x 5[/(5)i x 50(7)i. By Cor. 2.27 
and Lemma 3.2 — 4. Consider now the inductions for 

SU{9)2 x 5[/(5)i X 50(7)i C V 
By using formulas for conformal dimensions in §3.1.1 one checks easily that 
H{{a, y\ (7/16)), u) = if((l, 1, (1/2)), «) = 1. 

By Lemma 2.13 we conclude that q;(ct,2/3 (7/16)), q;(i^i^(i/2)) are DHR representations of 

V with index 2, 1 respectively. Note that by Lemma 2.14 

("(a,2/3,(7/16)),a(a,2/3,(7/16))) = Yl C^/l^)), i'^^V^ (7/16))m') = 2 

0<i<9 

where in the last step we have used [craj] = [1]. It follows that [o:{(T,y3,{7/i6))] = [<^i] + [<^2]- 
Since = 4, the list of irreducible representations are given by 

1, Q;(i,i,(i/2)), (^1, S2. 

The conformal dimensions modulo integers are hs^ — hs^ — 1) 1 (1/2)) = 1/2- 
These representations generate an abelian group of order 4. To rule out Z4, note 
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that [tt^i 1 (1/2))] ~ [-'-]• Without losing generahty we assume that 6i has order 4. 
Then we must have [6f\ = 1,(1/2))]; [^1] = [^2]- By monodromy equation we have 
e{6i, = —1, £{Si, 52)^(^2, ^1) = 1- On the other hand by Lemma 4.4 of [35] we have 
€{61,62)6(62,61) — e{6i,6i)^ — —1, a contradiction. In particular we have [6j] — [1]. 
Hence l,6i is a local system of automorphisms, and hy Prop. 2.15 we conclude that 
the there is further extension I? k Z2 of V. By Lemma 2.8 we have /XDxZa = 1) i-^-, 
D K Z2 is holomorphic. The spectrum of 5*^7(10)2 x SU{5)i x Spin{7)i C P x Z2 is 
given by entry 40 in the table of [38]: 

J2 i[iJ\ y'\ (1/2)01 + m^s + Ar), (1/2)01 + m^s + K)y''-\ ivm) 

o<i<9 

3.2.2 No. 27 of [38] 

No. 27 in the table of [38] suggests that we look for simple current extensions of 

SU{9)3 X SU{3)i X SU{3)i. Label irreducible representations of SU{3)i by their 
conformal dimensions as 1, (l/3)i, (1/3)2. Denote by xi = (aj, (l/3)i, (l/3)i), 0:2 — 
(ti, (1/3)1, (1/3)2- By using formulas for conformal dimensions in §3.1.2 and Lemma 
2.4 it is easy to check that the following set x\x2,0 < i,j < 2 is a local sys- 
tem of automorphisms. Hence by Prop. 2.15 there is a Mobius extension T>i — 

(it7(9)3 X SU{3)i X SU{3)i) K (Z3 X Z3) of SU{^)^ x SU{?>)i x SU{3)i with spec- 
trum 'YliQKi j<2{^i^2\- By Lemma 2.8 = 1, so Vi is holomorphic. The spectrum of 
SU{9)3 x"5t7(3)i X SU{3)i C Vi is given by (entry (27) of [38]): 

J2 {[{J\ (l/3)i, (1/3)1)1 + [(^'(A4 + Ae + As), (l/3)r\ (1/3)1+^)1 

0<i<9 

+ [(J*(A4 + Ae + As), (l/3)l+\ (1/3)1"^)] + [( J^(A3 + A, + As), (1/3)1, (1/3)1)] 

Reiricirk 3.3. One can choose other local systems of automorphisms which generate 

Z3 X Z3. For an example one such choice is a local system of automorphisms given by 
x'lx'2^,0 < t,j < 2 with x\ = {aj, (1/3)1, (1/3)2), x'2 = in, (1/3)1, (1/3)1). However by 
remark 2.11 it is easy to check that the corresponding extension is simply KdUiVi) 
which is isomorphic to Vi, where AdU implements the outer automorphism of the 
last factor of SU {3)i. Similar statement holds for other choices of local systems of 
automorphisms which generate Z3 x Z3. 

3.2.3 No. 18 of [38] 

No. 18 in the table of [38] suggests that we look for simple current extensions of 

5'[/(8)4 X SU{2)i X SU(2)i x SU{2)i. As before we label the non-vacuum represen- 
tation (1/4) of SU{2)i by its conformal dimension. Set Zi = (ctj, (1/4), 0, 0), ^2 = 
((3/4)1,0, {1/4),Q),Z3 = ((3/4)2,0,0, (1/4)). Then by the formulas for conformal di- 
mensions and fusion rules in §3.1.3 one checks easily that H{zi,Zj) = 1,1 < i,j < 3. 
Hence {zi, Z2, Z3} generate an abelian group Z2 x Z2 x Z2 which is a local system of 
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automorphisms by Lemma 2.4. By Prop. 2.15 we conclude that there is a Mobius 
extension V2 := {SU{^i x SU{2)i x SU{2)i x SU{2)i) x (Z2 x Z2 x Z2). By Lemma 
2.8 we have /xpj — 1) i-^-) ^2 is holomorphic. The spectrum of SU{8)4 x SU{2)i x 
5t/(2)i X 5?7(2)i C V2 is given by (entry (18) of [38]): 

J2 {[{J\ {m\ 0, 0)] + [( J'(Ao + A4 + A5 + At), (1/4)\ 0, 0)] 

0<j<7 

+ [(J^(A5 + 2Ar), Jl (1/4), (1/4))] + [(JX2Ao + A3 + A5), (l/4)\ (1/4), (1/4))] 
+ [{J\Ao + A3 + Ae + A7), (l/4)\ 0, (1/4))] + [(J^(Ao + A3 + Ag + A7), (l/4)\ (1/4), 0)]) 

3.2.4 The main Theorem 

By Lemma 2.9 V x Z2, 1^1,152 as constructed in §3.2.1, §3.2.2 and §3.2.3 are in fact 
conformal nets since they contain conformal subnets with finite index, and in summary 
we have proved the following: 

Theorem 3.4. There are holomorphic conformal nets (with central charge 24) which 
are conformal extensions of SU{10)2xSU{5)ixSpin{7)i, SU{9)3xSU{2)ixSU{2)i, SU{S)4X 
SU(2)i X SU(2)i X SU(2)i with spectrum given by the representations at the end of 
p. 2.1, p. 2. 2 and p. 2. 3 respectively. 

3.3 Two conjectures 

The holomorphic conformal net corresponding to V'^ of [14] was constructed in [24]. 
This net can also be constructed using the result of [10] as a simple current Z2 exten- 
sion of a Z2 orbifold conformal net associated with Leech lattice given in [10]. Our 
first conjecture is an analogue of the conjecture in [14] for y": 

Conjecture 3.5. Up to isomorphism, there exists a unique holomorphic conformal 

net with central charge 24 and no elements of weight one. 

Our second conjecture is motivated by the results of [38]: 

Conjecture 3.6. Up to isomorphism there exists finitely many holomorphic conformal 
nets with central charge 24 . 

Note that if one can obtain a theorem like the theorem in §2 of [38] in the setting 
of conformal nets, then modulo conjecture (3.5) conjecture (3.6) is reduced to show 
that up to equivalence, there are only finitely many conformal extensions of a given 
completely rational net, and this should be true in view of the results of [20]. However 
new methods have to be developed to carry though this idea. 
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